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ABSTRACT

A limit theorem is proved for {z:__’_é P’“}:’:l, where P is the Perron—
Frobenius operator associated with transformations on the unit interval

with indifferent fixed points.

Introduction

In [9] a limit theorem is obtained for {3°F23 P*¥}3%,, where P is the Perron-
Frobenius operator associated with transformations T' on the unit interval with
an indifferent fixed point at = 0. The local behaviour of T at 0 is assumed to

be of the form

T(z) = x4+ ax? + o(z®) with a > 0.

As a consequence the absolutely continuous invariant measure is infinite.

The purpose of the present paper is to prove a theorem of this type for transfor-
mations T on [0, 1] with finitely many indifferent fixed points under more general
conditions on the local behaviour of T' at these points. They are merely assumed

to be regular sources giving rise to an infinite invariant measure. The class of

transformations treated here is the same as in [21].
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112 M. THALER Isr. J. Math.

In section 2 we introduce the necessary definitions and notations and recall
some known facts. Section 3 contains the basic estimates and the main result. In
section 4 we use J. Aaronson’s method to determine the normalizing sequences
for some examples.

For transformations as considered in [9] with
T(z) =  + az®*! + o(z%*!) (2 — 0),

where 0 < d < 1, results on the rate of convergence are obtained in [11]. The

resulting invariant measure is finite for d < 1.

2. Preliminaries

Let & = {B(k): k € I} be a collection of pairwise disjoint subintervals of [0, 1]
such that A (Uge; B(k)) = 1, where X denotes the Lebesgue measure on the o-
field B of Lebesgue measurable subsets of [0,1]. We consider transformations on
[0,1] satisfying the following conditions (cf. {21]).

(1) T|p(x) is twice differentiable, and TB(k) = {0,1] for all k € I.
There is a non-empty finite set J C I such that each B(j), j € J, contains
a fixed point z; with T'(z;) = 1.

(2) | T'] = p(e) > 1 0n Uyer B(k) >Ujey(z; — €, 75 + €) for each € > 0.

(3) For 5 € J, T' is decreasing on (z; — n,z;) N B(j) and increasing on
(zj,z; +n) N B(j) for some 5 > 0.

(4) T"/(T")? is bounded on | J¢; B(k).

In particular, T|p(x) has a C'-extension to B(k) for every k € I, and condition
(2) is equivalent to
(2 T'>1 on B(j)™z;} for j€J, and [T'| 2p on yes~ y Blk)
with p > 1.

‘We use the notations

B(ky, ... kn) = ﬁT-"“(B(k,-)), (k1, ... kn) € T,

i=1

€n = {Blky,... kn): (k1,.... k) €T}, n>1.
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For Z = B(ki1,...,kn), fz = fx,...k, denotes the Cl-extension of (T™|z)™}
to [0, 1].

According to the results in [21], T is conservative and exact with respect to A
and admits an invariant measure m equivalent to A such that the density dm/dA
has a version of the form

h(z) = ho(z) e B z € [0,1] Nz;: j € J},
1555 ez € )

where ho is continuous and positive on [0,1]. Since f' is bounded on (0,1) this
formula implies that m is infinite.

Let P: Ly(A) — Ly1()) denote the Perron—Frobenius operator for T with respect
to A, defined by the relation

/Pud)\z/ udh forall ue L;()\) and all A€ B.
A T-1(A)

In our case P™(n > 1) is given by

Pru= Y uofz|fy].

Z€ln
Since T is exact and m is infinite,
(%) lim [ P'udi=0
n-—00 A

holds for all u € Ly(A) and all A € B with m(A) < oo.
To see this, let u € L;(A) be non-negative and let B be a measurable set with
0 < m{B) < oo. Putting

~ Judx
v = m(B) h 13
we have f "
u
P <|| Py — P" -n A).
/A wdd < || Pru=Proll 4o sm(BOT ")

Since T is exact and [(u —v)dA =0,
lim || P"u— P"v |j1=0.
n—o0

Due to the invariance of m

m(BNT"A) < m(A),
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and therefore
JudAr

m(B)

Since m(B) may be chosen arbitrarily large, () follows.

m/ P ud\ < m(A).
A

As an immediate consequence, P"u — 0 in measure with respect to A for each
w in Ly()). Thus P"u tends to become small in this sense with increasing n. In
order to obtain non-trivial limit theorems this tendency has to be compensated
by suitable normalizations.

3. The main result

THEOREM: Let T satisfy the conditions (1) - (4). Then there exists a sequence

{an} of positive numbers such that for all Riemann-integrable functions u on

[0,1]
Lﬂi‘Pku—v </udA)h

@ k=0
uniformly on compact subsets of [0,1] ~{z;: j € J}, where h is a version of the

invariant density of T continuous on [0,1]~N{z;: j € J}.

The basic estimates are contained in the following Lemmas. Throughout T is
assumed to satisfy the conditions (1) — (4).
We introduce the notations

Gj(z) = ;%, ze[0,1)NMz;}, jeJ,

a = min{a;,1—az}, where
a; =min{z;: j € J, z; >0}, az=max{z;: je€J, z; <1},
and, for z € (0, ),
G(z) = max{G~(z), G*(z)}, where
G (z) = max{G;(z; —z): j € J, z; > 0},
G*t(z) = max{Gj(z; +z): j € J, z; <1},
with obvious versions if {z;: j € J} = {0} or {1}.
Furthermore, let

Ay =[0,1] U(xj —z,z;+z) forx>0.
jeJ



Vol. 91, 1995 TRANSFORMATIONS ON [0, 1] 115
We follow the convention to put
fr,,..k, =id, and consequently f; ., =1,

if s>mn.
LEMMA 1: There exists a constant Ky such that for all x € (0,0), for alln > 1
and all (ky,..., k)€™

n+1
S f k) | < KoGlz) for teA,.

s=1
Proof: Choose 1 > 0, p as in (2), ¥ € [%,1) and § € (0,n) such that the
following conditions hold for each j € J:

(z; —n,z; + 1) N [0,1] € B(, ),

fj isincreasing on (z; —n,z;)N[0,1] and
decreasing on (z;,z; +n)N{0,1],

fi<d on [0,1]N(z; —n,z;+n), and

filz; —6)>9 if z;>0, and

filg;+8)>9 if z; <1

We note first that

| fa@®)) <9, if k¢J and t€[0,1), and
) filt) <9, if jeJ and t¢ B(j).
In the first case, by condition (2)’

iy =L Loy
O = T S 6 <

in the second case, t € [0,1] Nz; —n,z; + 7).
Furthermore, for all z € (0,6), all j € J and alln > 1,

n

ny/ (f )I(xj - .‘II), te [0’1:7 - :L'],
() (fi)(t)s{ (7Y (e +2), tels+a1]

We verify the first estimate. If t € [0,z; — ),
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where the last step follows from the convexity of f; on (x; — 7, z;). By the same
reason

i) < fi(xj—x) forte (z; —n,z; ~x].

This proves the assertion for n = 1. For the general case we use the chain rule
(£ () = H HEHC

Ift e [0,z; — ], £3(t) € [0, f3(z; — x)] and f}(z; — z) = z; — 2’ with 2’ € (0, ).
Therefore we can apply the case n = 1 to obtain
Fi(F;®) < £i(f; (z; — 2)),
and thus
(F7) (@) < (F7) (25 — 2).
Now we fix z € (0,6),t € A,, n > 1, and (ky,...,k,) € I". Let m € Ny denote

the number of indices s € {1,...,n} for which
ksgJ
or
ks €J and k3+1 # ks.

Ifm>1letl1 <4 <:-+ < i, < n denote these indices, and put ig = 0,
im+1 = n+ 1 for all m > 0. Then, including the case m = 0,

n+1 m+1 T

Zlfk.,, |—Z Z | fwrkn ]

r=1 s=i,_1 41

For 72,_1 <5< 1,,
Frurokn =% 0 fri,k, forsome je€J,

hence
Foobn @) = (F70) (Frey b () Fr ke (B).

Taking into account that | f;| <1 for all £ € I we obtain using ()

FAEROIES | (F AN ))

i=1i,

IN

H l fllciu (fki,,+1,...,kn(t)) |

< ,0m—'r+1
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k.(t) & B(j,j) if r < m, and
ko (t) €[0,1] N(z; — z, 25 + ).

Again by the definition of the indices i,, fi, ..,
Sripka(t) =tif r = m+ 1. In both cases fi, .
Assume fi, | .{(t) € [0,z; — z]. Then by ()

(577 ea @) < (5777) (25— 2),
and we obtain using the Lemma in [20], p. 305

i i

Yo s @ S9N (fY (o — 1)

s=t,1+1 s=i,_31+1
m—r+1
<9 Gj(z; — )

< 9™THLG(g).

The same bound results, if fx, . &, (t) € [z; + z,1]. Hence we have

n+l1 m+1 . C(.’E)
1 m—rt ¥
D (01 S 960 < 755,
Choosing a suitable constant Ko we obtain the estimate for all z € (0, a). ]

The main step in the proof of the theorem is to show the asserted convergence

for functions u of the form
u= Z [fz 1,

ZeA
where A is a non-empty subclass of £, for some fixed n. The arguments in the
proof of the following Lemma show that these functions are continuous on [0, 1]
and have bounded derivative on (0,1). Moreover, v > 0 on [0,1]. This is the
reason why we deal first with functions of this type (cf. also [15]).
We introduce the following notation:

U, = P"u, n>0.

LEMMA 2: Let u be continuous and positive on [0, 1] and differentiable on (0, 1),
and let u' -be bounded on (0,1). Then u,, (n > 0) is of the same type, and there
exists a constant K = K(u) such that

|u,| <KG(z)-u, onA,N(0,1)

for alln > 0 and all z € (0, ¢).
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Proof: Formal differentiation of
Un = Zuon'f’Z'aZ, UZ':Signf’Za

Z€Ebn
yields
(x) u’nzZu’ofz-(f’z)z-az+ZuonAfg-oz.

ZeE, Z€&n
For Z = B(k,...,kn),
fk}+)
] ]}: 7 = Fni]

0 frigrrns

(%)
_<. M- Z ! fllg:_ﬁ.l,...,lc,L l on (Ov 1)’

i=1
where M is a bound of | T"| /(T")? according to condition (4).
Since | fi ., &, I<1 we have for some constant § = 3,
£ L1 F21<B-A(2Z) on(0,1) forall Z &,

Therefore u,, is of the same type as u, and !, is given by (). Thus,

luf| <cun+ Y uofz-|f7l  on(0,1),

Z€kq

where ¢ = sup,¢(o,1) (| &' ()] Ju(2)).
Now let z € (0,a) and ¢ € A; N (0,1). Using Lemma 1 we obtain from (x)

| f2()] < MKoG(z) | fz()],
and therefore
| un ()] < (c+ MKoG(z)) un(t)
<(c+ MKp)G(z)un(t). 1
By the usual mean value argument we have as an immediate consequence:

For each function « as in Lemma 2, for all x € (0,a), alln > 0 and all ¢;,¢5 in

the same component E of A,,

un(t1) < e® u,(ty)  with ¢(z) = K G(z).
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These estimates give a deeper insight into the asymptotic behaviour of the se-
quence {u,}. For, by integration, we obtain for all t € E

e‘c(z)/ UndA < AME)-u,(t) < ec(’”)/ U, dX, n>0.
E E

The upper estimate and the remarks in section 2 show that {u,} and {ul}
tend to 0 uniformly on A, N(0,1). Since T is conservative and ergodic, the lower
estimate shows that {ZZ;& uk} tends to infinity uniformly on A,.

Proof of the Theorem: Let F4,...,E; denote the components of
[0,1)Nz;: j € J}. Choose t; € E;, 1 <14 < s, such that T(t;) =t;,2< i < s,
and ¢ € (0,a) such that t; € A, N E;, 1 < i< s. Let further

k=max{| T'(t;)]: 2 <i<s}.

Suppose first u is as in Lemma 2. According to the above estimates we have
for every z € (0,¢) and every £ > 0

ug < @) ur(t;) and |uy| < c(m)ec(“) ue(t;) on A, N(0,1)NE;, 1<i<s.

For 2 < i < s we have in addition

wen(t) = (Pu)t) = Y 25 oty
t: T(t)=t;

Therefore the functions
n—1 n—1
Un = (Z uk) / (E uk(tl)) (n>1)
k=0 k=0

are uniformly bounded on A, and Lipschitz on each component of A, with a
common constant L{z).

Let h denote the version of the invariant density which is continuous on
[0,1] ~{z;: j € J} and normalized by h(¢;) = 1. A diagonalization argument
based on the Theorem of Arzela—Ascoli shows that each subsequence of {U,} has
a subsequence converging to a continuous function uniformly on compact subsets
of [0,1] N{z;: j € J}. On the other hand, if a subsequence of {U,} converges to
a function g uniformly on compact subsets of [0,1] N{z;: j € J}, then Pg = ¢
and hence g = h by the uniqueness of h. Therefore the sequence {U,} tends
to h pointwise on [0,1} N z;: j € J}. Finally, a 3¢-argument shows that this

convergence is uniform on A, for each = € (0, ¢).
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By the Chacon—Ornstein Theorem for every two functions u, v of this type

= udA
Zuk(tl) ka (t1) (n— ).
k=0

Hence we can choose one fixed sequence {a,} of positive numbers to obtain

1 n—1
-— U — (/ud/\) -h
an

k=0

uniformly on A; for all z € (0,¢) and all functions u considered so far.

The rest of the proof is an approximation procedure.

First note that the asserted limiting behaviour also holds for functions v on
[0,1] such that v = u on the open interval (0,1) and u is a above.

As already stated, if A is a non-empty class of cylinders of some fixed order,

u=Y_|f3l

the function

ZecA
satisfies the conditions of Lemma 2.
The last two remarks imply that
n—1
L 3" Pr1, - A(4) b
n 1o

uniformly on A, for all € (0, €), if A is an interval whose endpoints are endpoints
of cylinders of a given order or accumulation points thereof.

Finally, if u is a non-negative Riemann-integrable function, we approximate u
from below and from above by step functions which are constant on intervals of
the preceding type. This then finishes the proof of the Theorem. ]

4. Examples

In order to obtain the sequence {a,} in case the behaviour of T at the fixed
points {z;: j € J} is sufficiently specified, we follow J. Aaronson [3]. We may
assume that {a,} is increasing.

Let

o

V(t) =Y (ans1—an)t", t€(0,1) (a0=0)
n=0
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According to the terminology in [3] our theorem implies that any set A € B of
positive measure which is bounded away from z; for each j € J and satisfies
A(0A) = 0 is a Darling-Kac set, and

n—1

(m(A)?-an ~ > m(ANT*(4)) (n— o).
k=0

Thus for any such set A the asymptotic renewal equation in {3] gives

1
V(t) ~ ————(1 000 (t—1),
where -
Q(t) = E Qntn
n=0
with

n—1 n—1
qu =m (U T"‘(A)) =:Ls(n), n>1.
k=0 k=0

It is shown in [21], Theorem 3, that the order of {L4(n)} does not depend on A.
Example 1: Suppose first that {z;: j € J} C {0,1}, and
T(z) =z tai(r—2;)" +o((z - 2;)?) (¢ —a5)
with a; > 0, 7 € J. Then the invariant density has the form
hz) =g(x) [[ 12—, |7
JjEJ
with g continuous and positive on [0, 1], and

n—1

qu ~c-logn (n — oo)
k=0

with ¢ = 3. ;9(z;) ([21], Theorem 4). Hence,

Qt) ~elog (1 1)

and therefore

V(t) ~ (t—1).

c(l—t)log 1—1—;
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The application of a Tauberian Theorem (see e.g. [10]) yields

a 1 n
" ¢ logn

(n — o)

(cf. [9], [11]).
Example 2: Let T satisfy (1) — (4) and assume that for each j € J
T(x)=ztaj|z—2; P +o (|2 —2;| 7)) (2 — ),

where a; > 0, p; > 1, and max{p;: j € J} > 1.

The invariant density is given by

h(z) = g(x) H |z —x; | (g continuous and positive on [0, 1]).
jed
With the notations

. 1

p=max{p;:j€J}, a= e

J():{jEJ:pj:p},

e(z) =2 - 1y0,13(x), and
;=g [[ lzi—al™, je

i€ J,i#j
we have
n—1 c
g~ —— '™ (n— o),
l1-«a
k=0
where
1 1
— 3 23
= ]? 6(.’1:'])0_7 a]- .
j€Jdo

By the same procedure as in Example 1 we obtain

1 sinma
an ~A — o .
c T

«

(n — 00).

Example 3: Let f(0) =0, f(z) =z + 2% e /%, 2 > 0, and let a € (0,1) be
determined by f(a) = 1. Define T on [0, 1] by

_| 1@, =€
T(x) = { z—a T € (a’ ]_] (cf. [21], p- 94).

1—-a’
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For this map

h(z) = g(:c)e%/x (g continuous and positive on [0, 1]},

and
n—1 n
>k~ g(0)- (n — o).
= logn
Hence .
anp~ ——-logn (n— o00).
0) %8 ( )

Example 4 and correction to [20]: For r > 0 let the map T: R — IR be given
by

T(.’L‘) = T — %1 x> 07
T(x) = -T(-z), z<0.

In [16] it is shown that for each r > 0 the transformation T is conservative and
exact with respect to A and admits an invariant measure m ~ A such that the
density hr has the form

hp(z) = ho(z) (14 | = I)’_l/r, reR,

where hg is continuous and bounded away from 0 and oo on IR. In particular, m
is infinite if and only if

> V5 - )

- 2

The case r = 1 is the well-known Boole’s transformation with hr = 1.

r

The cases 7 = 2n + 1, n € INy, are also considered in [20]. The order of the
invariant density stated there is not correct for n > 1. The error comes from
the fact that for n > 1 the conjugated map on [0,1] considered in [20] has slope
0 at the point § and hence does not satisfy the crucial condition (T1) in [20].

According to the above representation of A the correct order for r = 2n + 1 is

1 2n + 2

r "Em

In the following let r be in the interval [‘/52_1, 00). To obtain a suitable con-
jugate on [0, 1] we use the function

olx) = /j P{tydt, z R,
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where
Y(A)=c - @+ [tV teR,
and ¢, is chosen in such a way that ¢(co) = 1. Let then S : [0,1] — [0,1] be
given by S = T 1.
We claim that S satisfies our conditions (1) — (4) with

S(z) =z +az”t + o (aPt1) (z —0),

where p = r(r + 1) and a = 1/r(rc,)P. To see this we analyse the branch S|y ;;.
For z € (3,1),
§'(z) = G~ (2)),

where

and
3+2
32m+ | z— 1]

)UT (y,2 > 0).

These formulae show that S has a C'-extension to [4,1] with §’(1) = 1 and a

C*%-extension to [§,1).

612 = (r+2)

In order to see that §' > 1 on [% ,1) we distinguish three cases. If r > 1, for
allz>0

(r+2)73+2)>1+2)B8+2)>32" 4+ +1>32"+|2-1]",
ie. Gi(z)>1. If z> 1, forallr > 0
(r+2)(3+2)>2"-(3+2)>32"+|z-1 "

hence G1(2) > 1. If r < 1 and z € [0,1] we argue as follows. The function
f(z) =3((r + z)" — z") is decreasing on [0, 1], and
V5 -1

f)=3((r+1)"=1)>1 sincer > 5

Hence
3((r+2)"—2)>1>(1-2)"" —2(r+2)", z€[0,1],

or, equivalently, G;(z) > 1.
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From the relation

d - (r+27}
z (G = (32" + |z — 1] ™1

—(r+1)(r +4)z| z— 1| "sign (z — 1) + o(z"t1)} (2 = 0)

E {327t +4r| z — 1| TH -

we obtain 2, )
lim 22G}(z) = _rar+l

2—00 T
Since G(z) < 0 for z sufficiently large, S’ is decreasing in a neighbourhood of
z=1

Finally, putting p = 7(r + 1) we obtain

. Sx)~xz . 1-S8(x)
AR Y i N e
= lim —I—G(y)

y—oo (1 — o(y))P
-1/r p el
. y . (v)
= <} . lim —
ylg& (1 - w(y)) ymoo (r + L)y—=2

(LY lim 2% - G}(2)
~\re, rmoo” !
__p+l

T r(re,)P’

In particular, S has a C?-extension to [3,1], and hence condition (4) also holds.
This concludes the proof of the asserted properties of S.

Now there exists a sequence {a,} of positive numbers such that for all
Riemann-integrable functions u on [0, 1]

1 n—1
—ZP§U—> (/ud/\) hs
@n 2o

uniformly on compact subsets of (0,1), where Ps is the Perron—Frobenius oper-
ator for S and hg is a version of the invariant density of S of the form

__ g . : -
hs(z) = (-2 with g continuous and positive on [0, 1].

According to the previous examples,

O S r= ¥3=1

2g(0) logn? - 2
Ay ~

1l , sinma _na, r> 5-1

2¢ o 2 0
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where a = 1/p and ¢ = g(0)a'~%/p>.

Carrying over these results to the map T we obtain for the Perron-Frobenius

1
— > Pfv— (/ vdA)hT
(17% = R

uniformly on compact subsets of IR for all functions v on IR which are Riemann-

operator Pr of T

integrable on each compact interval and satisfy
v(m)=0(|x|_ﬁr_1) as |z |— oo.

Here ht = (hg o) - ¢'. In terms of the transformation T the constant ¢ is given
by ¢ = ho(00)/(r + 1)%, where ho(o0) = lim;—, 00 ho(2).
For the special case 7 = 1 compare with results in [1].
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