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ABSTRACT 

n--1 c~ 
A limit theorem is proved for { ~ k = o  pk }n=l' where P is the Per ron-  

Frobenius operator  associated with t ransformations on the unit interval 

with indifferent fixed points. 

1. I n t r o d u c t i o n  
n--1 k oo P }n=l where P is the Perron-  In [9] a limit theorem is obtained for {}-~k=0 

Frobenius operator associated with transformations T on the unit interval with 

an indifferent fixed point at x = 0. The local behaviour of T at 0 is assumed to 

be of the form 

T(x)=x+ax 2+o(x 2) w i t h a > 0 .  

As a consequence the absolutely continuous invariant measure is infinite. 

The purpose of the present paper is to prove a theorem of this type for transfor- 

mations T on [0, 1] with finitely many indifferent fixed points under more general 

conditions on the local behaviour of T at these points. They are merely assumed 

to be regular sources giving rise to an infinite invariant measure. The class of 

transformations treated here is the same as in [21]. 
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In section 2 we introduce the necessary definitions and notations and recall 

some known facts. Section 3 contains the basic estimates and the main result. In 

section 4 we use J. Aaronson's method to determine the normalizing sequences 

for some examples. 

For transformations as considered in [9] with 

T ( x ) = x  +ax  a+l +o(x d+l) (x ~O) ,  

where 0 < d < 1, results on the rate of convergence are obtained in [11]. The 

resulting invariant measure is finite for d < 1. 

2. P r e l i m i n a r i e s  

Let ~1 = {B(k): k E I} be a collection of pairwise disjoint subintervals of [0, 1] 

such that A ([.Jkel B(k)) = 1, where A denotes the Lebesgue measure on the a- 

field B of Lebesgue measurable subsets of [0,1]. We consider transformations on 

[0,1] satisfying the following conditions (cf. [21]). 

(1) T[B(k) is twice differentiable, and TB(k) = [0, 1] for all k �9 I. 

There is a non-empty finite set J C_ I such that each B(j), j �9 J, contains 

a fixed point xj with T'(xj) = 1. 

(2) ] T'] :> p(e) > 1 on Ukel B(k) \ Ujej(xj  - c, xj + ~) for each e > 0. 

(3) For j �9 J,  T'  is decreasing on (xj - ~,xj) cl B(j) and increasing on 

(xj, xj + rl) Cl B(j) for some ~ > 0. 

(4) T"/(T') 2 is bounded on UkeI B(k)- 

In particular, T[B(k) has a CLextension to B(k) for every k �9 I, and condition 

(2) is equivalent to 

(2)' T ' > I  on B ( j ) \ { x j }  for j � 9  J ,  a n d [ T ' [  _>p on Uke l . . jB (k )  

with p > 1. 

We use the notations 

n 

B(kl , . . . , k ,~)= NT- i+I(B(k i ) ) ,  ( k l , . . . , k , ~ ) � 9  '~, 
i----1 

~,, = {B(kl,. . . ,k,~): (k l , . . . , k , , )  �9 I " } ,  n _> 1. 
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For Z = B ( k l , . . . ,  kn), f z  ~ fk, ..... k.~ denotes the Cl-extension of (T n Iz) -1 

to [0, 1]. 

According to the results in [21], T is conservative and exact with respect to A 

and admits an invariant measure m equivalent to A such that the density dm/dA 

has a version of the form 

j•eJ 
x - x j  

h (x )=ho(x ) ,  x----f-~x)' x e [ 0 , 1 ] \ { x j : j e g } ,  

where h0 is continuous and positive on [0, 1]. Since f~' is bounded on (0, 1) this 

formula implies that  m is infinite. 

Let P: L1 (A) --~ L1 (A) denote the Perron-Frobenius operator for T with respect 

to A, defined by the relation 

f P u d A = [  udA foral l  u E L I ( A )  and all A E B .  
JA JT -I(A) 

In our case P'~(n > 1) is given by 

pn~ uoyz. I I- 
ZE~. 

Since T is exact and m is infinite, 

(*) lim [ P'~u dA = 0 
n ----* o o  JA 

holds for all u E LI(A) and all A E B with m(A) < c~. 

To see this, let u E LI(A) be non-negative and let B be a measurable set with 

0 < m(B) < c~. Putt ing 
f udA 

v -  h . l s  re(B) 
we have 

m f udA PnudA < [] P '~u-  P'~v lII + ~ ( B )  m ( B M T - n A )  �9 

Since T is exact and f (u - v)dA = O, 

lim II P'~u - Pnv I[1= O. 

Due to the invariance of m 

m(B fq T-'~A) <_ m(A), 
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and therefore 
f udA lira jAr P " u d J  < m---~m(A).  

Since re(B) may be chosen arbitrarily large, (,) follows. 

As an immediate consequence, P'~u ---, 0 in measure with respect to A for each 

u in LI(A). Thus Pnu tends to become small in this sense with increasing n. In 

order to obtain non-trivial limit theorems this tendency has to be compensated 

by suitable normalizations. 

3. T h e  m a i n  resu l t  

THEOREM: Let T satisfy the conditions (1) - (4). Then there exists a sequence 

{a,~} of positive numbers such that for al] Riemann-integrable functions u on 

[0, 11 
n--1 ' 

an k=0 

uniformly on compact subsets of [0, 1] \ ( x j :  j E J}, where h is a version of the 

invariant density o f T  continuous on [0, 1] \ { x j :  j �9 J}. 

The basic estimates are contained in the following Lemmas. Throughout T is 

assumed to satisfy the conditions (1) - (4). 

We introduce the notations 

Gj(x)= x - x j  
x - . f j ( x ) '  x � 9  1 ] \ ( x j } ,  j � 9  J, 

a = rain{or1,1-  ~2}, where 

a l  = m i n { x j : j � 9  J, x i >0} ,  ~ 2 = m a x { x j : j � 9  xj < 1}, 

and, for x �9 (0, ~), 

G(x) = max{G-(x) ,  G+(x)},  where 

G-(x )  = max{Gj(xj  - x): j E J, x i > 0}, 

G+(x) = max(Gj(xy + x): j �9 J, xj < 1}, 

with obvious versions if {xj: j �9 J}  = {0} or {1}. 

Furthermore, let 

A~ = [0, 1] "-- U (xj - x, xj + x) for x > 0. 
j E J  
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We follow the convention to put  

fk ...... k. id, and consequently ' = fk ...... k. = 1, 

if s > n .  

LEMMA 1 : 

115 

There exists a constant Ko such that for all x �9 (0, a),  for all n >_ 1 

and all ( k l , . . . , k n )  �9 I n 

n + l  

E I1~ ...... k~(t) l <- g o a ( x )  for t �9 A~.  
s-~ l 

Proo~ Choose 77 > 0, p as in (2)', t9 �9 [1,1) and 5 �9 (0,~?) such tha t  the 

following conditions hold for each j �9 J:  

(xj - ~?,xj + *l) n [0, 1] c_ B ( j , j ) ,  

]~ is increasing on (xj - ~l, x j) N [0, 1] and 

decreasing on (xj ,  x j  + ~l) fq [0, 1], 

]~_<t9 on [O, 1 ] \ ( x j - r h X j + r l ) ,  and 

f ; ( x j - ~ ) > o  if x j>0 ,  and 

f~(xj  + 5) > ~ if xj  < 1. 

We note first tha t  

I f~(t) l  < ~ ,  if k g ( J  and t � 9  and 
(*) 

f~( t)<~9,  if j � 9  and t g ( B ( j ) .  

In the first case, by condition (2)' 

1 1 
I f~(t)l - I T '(yk(t)) l  <- p - < ~9; 

in the second case, t �9 [0, 1] \ ( x j  - ~h xj  + ~). 

Furthermore,  for all x �9 (0, ~), all j �9 J and all n > 1, 

< [ ( f? ) ' (x j  - x), t �9 [0, xj  - x], (**) ( f?) ' ( t )  
- [ ( f ~ ) ' ( x j + x ) ,  t � 9  1]. 

We verify the first estimate. If t E [0, xj - T/I, 

f ; ( t )  < ~ < ] ; ( x j  - ~) < f ; ( x j  - ~), 
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where the last s tep follows from the convexity of f j  on ( x j  - ~?, x j ) .  By the same 

s  

f~( t )  < y j ( x j  - x)  for t ~ (x j  - '7, x j  - x].  

This proves the assert ion for n = 1. For the general case we use the chain rule 

n--1 

(y?),(t)  = I-[  s ; ( s ; ( t ) ) .  
8----0 

If t e [0, x j  - x], i f ( t )  e [0, f : ( x j  - x)] and f : ( x j  - x )  = x j  - x '  with x '  e (0, 5). 

Therefore  we can apply  the case n = 1 to obta in  

: ; ( y ; ( t ) )  < : ; ( / ; ( x j  - x ) ) ,  

and thus 

( f ? ) ' ( t )  <_ ( f? ) ' ( x~  - x) .  

Now we fix x E (0,5), t E Ax, n > 1, and ( k l , . . . , k n )  E I n . Let m E ]No denote  

the number  of indices s E { 1 , . . .  ,n}  for which 

o r  

k8 C J  

k s e J  and k s + l r  

If  m > 1, let 1 _< il  < "-" < i m  < n denote these indices, and put  io = 0, 

im+l = n + 1 for all m >_ 0. Then,  including the case m = 0, 

nq-1 m-F1 i r  

s = l  r = l  s = i ~ - i  +1  

For i r - t  < s _< it ,  

f k  ...... k~ = ] j ~ - 8  o f k ,  . . . . . .  k .  for some j E J, 

hence 

f~, ...... k,~ ( t ) :  ,(flr-s) ' j  (fk,r ..... k ,~(t))  f~ ,  . . . . . .  k , , ( t ) .  

Taking into account t ha t  t f~l < 1 for all k e I we obta in  using (*) 

I l ~  l Yk, (fk,+l ..... k~(t))[ f~ ,  . . . . . .  k~(t)l = ' 
i=i~ 

-< H lf'k., (fk, , ,+x ..,k. (t)) I 
v ~ - r  

< ~9"~-"+ 1. 
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Again by the definition of the indices i , ,  fk~ ...... k. (t) r B ( j ,  j )  if r < m, and 

f~, ...... k . ( t )  = t i f r  = m +  1. In both cases fk, ...... k.(t) �9 [0,1] \ ( x j  - x ,  x j  + x ) .  

Assume fk, ...... k~ (t) �9 [0, xj -- x]. Then by (**) 

i~--s ! ( : ; )  ...... < (:; .- . ) '  

and we obtain using the Lemma in [20], p. 305 

I$~ ...... k.(t)l __0 m-r+1 ~ ($~-s),(xj_x) 
s = i . - 1 + 1  s=i~_  l -k l 

<_ Om-~+:G~(xj - x) 

<_ O"-'+:G(x).  

The same bound results, if fk, ...... k,~ (t) E [xj + x, 1]. Hence we have 

n-{-1 ra-{-1 
' t C, (x)  

E lSk ...... k,,( )1 <- E Om-'+'G(x) <- 1 - - ~ "  
s----1 r-----1 

Choosing a suitable constant K0 we obtain the estimate for all x E (0, a). | 

The main step in the proof of the theorem is to show the asserted convergence 

for functions u of the form 

Z E A  

where A is a non-empty subclass of ~,~ for some fixed n. The arguments in the 

proof of the following Lemma show that these functions are continuous on [0, 1] 

and have bounded derivative on (0, 1). Moreover, u > 0 on [0, 1]. This is the 

reason why we deal first with functions of this type (cf. also [15]). 

We introduce the following notation: 

un = Pn u, n > O. 

LEMMA 2: Let  u be continuous and positive on [0, 1] and differentiable on (0, 1), 

and let u t .be bounded on (0, 1). Then un (n >_ O) is o f  the same type, and there 

exists a constant K = K ( u )  such that  

lu:l <_KG(x).u~ onA. n(0,1) 

for all n >_ 0 and all x E (0, a).  
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Proof: 

yields 

(*) 

M. THALER 

Formal differentiation of 

u,~ = E uo  f z "  f ~ - o z ,  
ZE~,, 

az  = signf~,  

' ~ -~u '  u n = o fZ"  ( f~ )2 . c r  Z + u o  fZ"  f~ 'crZ.  

For Z = B ( k l , . . . ,  k~), 

. . . . .  , .  , ) 
7i-ft 2 -~ "= f,~ o fkj+, ..... k,, fk.i+, ..... k,, 

(**) 
r ,  

M . E l f k j §  ..... k, I on (0,1),  
j ~ l  

where M is a bound of ] T " ] / ( T ' )  2 according to condit ion (4). 

Since I f~+~ ..... k. ! <-- 1 we have for some cons tant /~  = ~,) 

I f z l ,  l f ~ l < ~ 3 . A ( Z )  on (0, 1) for all Z E ~n. 

t Therefore  u,, is of the same type  as u, and u n is given by (*). Thus,  

lull ~ ~u ,  + ~ u o f z .  I f~l on (0,1), 

Isr. J. Math .  

l f~(t)l  <_ M K o G ( x )  l f z ( t )  I , 

and therefore 
[ u~(t)[ <_ (c+ MKoG(x))un(t) 

<_ (c + MKo)  G(x)un(t). I 

By the usual mean  value argument  we have as an immedia te  consequence: 

For each function u as in Lemma  2, for all x E (0 , a ) ,  all n >_ 0 and all t l , t2  in 

the same component  E of As, 

un(tl)  _< e c(~) un(t2) with c(x) = K G ( x ) .  

where c = suPte(o,1 ) ([ u ' ( t ) [ / u ( t ) ) .  

Now let x E (0, a )  and t E A~ ~ (0,1).  Using Lemma 1 we obtain from (**) 
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These estimates give a deeper insight into the asymptotic behaviour of the se- 

quence {un}. For, by integration, we obtain for all t �9 E 

e-C(~)/EUndA << A(E).un(t) < e c(~)/EundA' n > O. 

The upper estimate and the remarks in section 2 show that  {u~} and {u~} 

tend to 0 uniformly on A~ n (0, 1). Since T is conservative and ergodic, the lower 

{r } estimate shows that k=0 uk tends to infinity uniformly on A~. 

Proof of the Theorem: Let E1,. . . ,E8 denote the components of 

[0,1] \ { x j :  j �9 J}. Choose t~ �9 E~, 1 < i < s, such that T(t~) = tl, 2 < i < s, 
and ~ �9 (0, a) such that  t~ �9 A~ M Ei, 1 < i < s. Let further 

= max{I T'(t,)l : 2 < i < s}. 

Suppose first u is as in Lemma 2. According to the above estimates we have 

for every x �9 (0, e) and every k _> 0 

uk <_ e c(x) uk(t~) and lu~l _< c(x)e ~(~) uk(t~) 

For 2 < i < s we have in addition 

uk+,(tl) = (Puk)(tl) = E 

Therefore the functions 

Us= 

t: T( t )=t l  

o n A ,  M(0,1) MEi,  l < i < s .  

u~(t) 
>_ ~-luk(ti). 

I T'(t)l 

) (k~=oUk / uk(tl (n>_l) 

are uniformly bounded on A~ and Lipschitz on each component of A~ with a 

common constant L(x). 
Let h denote the version of the invariant density which is continuous on 

[0, 1] \ { x j :  j �9 J} and normalized by h(tl) = 1. A diagonalization argument 

based on the Theorem of Arzel~-Ascoli shows that each subsequence of {Us} has 

a subsequence converging to a continuous function uniformly on compact subsets 

of [0, 1] \ { x j :  j �9 J}. On the other hand, if a subsequence of {Un} converges to 

a function g uniformly on compact subsets of [0, 1] \ {x j :  j �9 J}, then Pg = g 
and hence g = h by the uniqueness of h. Therefore the sequence {Un} tends 

to h pointwise on [0, 1] \ {x j :  j �9 J}. Finally, a 3e-argument shows that this 

convergence is uniform on Ax for each x �9 (0, ~). 
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By the Chacon-Ornstein Theorem for every two functions u, v of this type 

n- -1  n - -1  

F_ , ,,, (n ---, 
k = 0  k 0 = 

Hence we can choose one fixed sequence (a,~} of positive numbers to obtain 

n - - 1  , ( / )  - -  E uk --~ u d)~ �9 h 
an k=O 

uniformly on Ax for all x E (0, c) and all functions u considered so far. 

The rest of the proof is an approximation procedure. 

First note that the asserted limiting behaviour also holds for functions v on 

[0, 1] such that  v = u on the open interval (0, 1) and u is a above. 

As already stated, if A is a non-empty class of cylinders of some fixed order, 

the function 

ZE.A 

satisfies the conditions of Lemma 2. 

The last two remarks imply that 

1 n - -1  

E PklA --* A(A). h 
~ 0 

uniformly on A~ for all x E (0, e), if A is an interval whose endpoints are endpoints 

of cylinders of a given order or accumulation points thereof. 

Finally, if u is a non-negative Riemann-integrable function, we approximate u 

from below and from above by step functions which are constant on intervals of 

the preceding type. This then finishes the proof of the Theorem. I 

4. E x a m p l e s  

In order to obtain the sequence {an} in case the behaviour of T at the fixed 

points {xj: j E J} is sufficiently specified, we follow J. Aaronson [3]. We may 

assume t h a t  {an } is increasing. 

Let 
o o  

Y ( t ) =  E ( a ~ + l - a ~ ) t  ~, t E ( 0 , 1 )  ( ao=O) .  
r~-~-O 
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According to the terminology in [3] our theorem implies that  any set A E B of 

positive measure which is bounded away from xj for each j E J and satisfies 

A(0A) = 0 is a Darling-Kac set, and 

n--1 

(re(A)) 2' an ,'., E m (A N T -k (A) )  (n ~ c~). 
k--=0 

Thus for any such set A the asymptotic renewal equation in [3] gives 

1 
Y(t)  ~ (1 - t)Q(t) (t ---* 1), 

where 

with 

Q(t) = Z q'~tn 
n ~ O  

n-1 n-i )) 
k=oE qk = m (k~J=oT-k(A = : LA(n), n > l .  

It is shown in [21], Theorem 3, that the order of {LA(n)} does not depend on A. 

Example 1: Suppose first that  {xj: j e J} C_ {0, 1}, and 

T ( x ) = x •  xj) 2 + o ( ( x - x j )  2) (x ~ x~) 

with aj > O, j E J. Then the invariant density has the form 

h(x) = g(~) H Ix - xj 1-1 
j E J  

with g continuous and positive on [0, 1], and 

with c = ~ j E J  g(xj) 

and therefore 

n - 1  

E qk "" c - logn  (n --~ cr 
k=O 

([21], Theorem 4). Hence, 

1 
Q(t) ,,~ c. log ~ (t --~ 1), 

1 
v ( t ) ~  r  ~ (t--~ l). 

1 - t  
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The application of a Tauberian Theorem (see e.g. [10 D yields 

1 n 
an . . . .  (n ~ CX)) 

c log n 

(cf. N ,  [111). 

Example  2: Let T satisfy (1) - (4) and assume that for each j 6 J 

T ( x )  ~- x:~= aj] x -  x j  I p j + I  §  x -  x j[  p j + l )  (x  ~ x j ) ,  

where aj > 0, pj _> 1, and max{pj: j E J} > 1. 

The invariant density is given by 

h(x)  = g(x)  I I  I x - x j  I -p~ (g continuous and positive on [0, 1]). 
jEJ  

With the notations 

1 
p = m a x { p j : j E  J}, a = - ,  

P 

Jo = { j  E J: pj = p}, 

e(x) = 2 -  l{o,l}(X), and 

cj = ~(~5) l-I I xj - xi I -p', 
iEJ, i r  

j E J ,  

we have 

where 

n-1  
E C n 1 -a  (n  ~ oc)~ qk ~ 1 ~ - ~  " 
k=0 

C=po  E ~(~j)cjaj . 
jEdo 

By the same procedure as in Example 1 we obtain 

1 sin zra 
n a 

/ \ 

C 7rO~ 

E x a m p l e 3 :  Let f(O) = O, f ( x )  = x + x  2 . e  -1/~, x > 0, and let a E (0,1) be 

determined by f (a )  = 1. Define T on [0, 1] by 

= f f (x ) ,  �9 e [0,a], T ( x )  [ 1 : : ,  �9 e (a, 1] (cf. [21], p. 94). 
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For this m a p  

h(x) = g (x )e~ /x  (9 continuous and posit ive on [0, 1]), 

and 

Hence 

n--1 
n (n 

E qk ~ 9(0)'log----- ~ 
k=0 

1 
an g(0) " logn  (n --+ cr  

Example 4 and correction to [20]: 

by 

T ( x )  = 

T(x)  = 

For r > 0 let the m a p  T: IR --* lR be given 

1 
X X r ,  X > O, 

- T ( - x ) ,  x < O. 

In [16] it is shown tha t  for each r > 0 the t rans format ion  T is conservat ive and 

exact  with respect  to A and admi t s  an invariant  measure  m ~ A such tha t  the  

density hT has the form 

hT(x) = ho(x) (1+ I x  I) ~-1/~, x C JR, 

where h0 is continuous and bounded  away from 0 and cc on ]R. In par t icular ,  m 

is infinite if and only if 
v~- i  

r > - -  
2 

The  case r = 1 is the well-known Boole 's  t r ans fo rmat ion  with hT -- 1. 

The cases r = 2n + 1, n E ]No, are also considered in [20]. The  order of the 

invariant density s ta ted  there is not correct for n > 1. The  error comes from 

the fact tha t  for n > 1 the conjugated m a p  on [0, 1] considered in [20] has slope 

1 and hence does not satisfy the crucial condit ion (T1) in [20]. 0 at  the point  

According to the above representat ion of hT the correct  order  for r = 2n + 1 is 

1 2 n + 2  
r - -  = 2 n - -  

r 2 n +  1 

In the following let r be in the interval [ - ~ ,  c~). To obta in  a suitable con- 

jugate  on [0, 1] we use the function 

f ~(x)  = @(t) dt, x 6 ]It, 
OO 



124 M. THALER Isr. J. Math. 

where 

r  = c ~ - ( 3  + It j~+1)-1/~, t �9 ~ ,  

and c, is chosen in such a way tha t  ~o(oo) = 1. Let then S : [0, 1] ~ [0, 1] be 

given by S = ~oT~o -1.  

We claim tha t  S satisfies our conditions (1) - (4) with 

S(x)=x+axp+'+o(x p+l) (x-~o), 

where p = r ( r  4- 1) and a = 1 / r ( r c~ )  p. To see this we analyse the branch SI[�89 

For x E (�89 
S'(x) = G(~-~(x)) ,  

where 

and 

G ( y )  = (r  o T ) ( y ) . T ' ( y )  = G l ( y r + l )  ' 
~P(Y) 

3 4- z ) 1/~ 
e l ( z )  = (~ + z) 3z~ + [ z - if ~+1 (y, z > 0). 

These formulae show tha t  S has a Cl-extension to [�89 1] with S'(1) = 1 and a 

C2-extension to [�89 1). 

In order to see tha t  S '  > 1 on [�89 we distinguish th ree  cases. If r _> 1, for 

all z _ 0 

(r + z)r(3 + z) > (1 + z~)(3 + z) > 3z ~ 4- z ~+1 + 1 > 3z ~ + [ z - iI ~+1, 

i.e. G l ( z )  > 1. If z _> 1, for all r > 0 

(r  4- z)~(3 4- z) > z ~. (3 + z) > 3z ~ 4- [ z - II ~+1, 

hence G l ( z )  > 1. If r < 1 and z E [0, 1] we argue as follows. The  function 

f ( z )  = 3 ((r  + z)  ~ - z ~) is decreasing on [0, 1], and 

f 0 )  = a ((~ + 1) ~ - 1) > 1 since r _> - -  
4 ~ - 1  

Hence 

3 ( ( r 4 - z )  r - z  *) > l _> ( 1 -  z) ~ + l - z ( r 4 - z )  ~, z E [ O ,  1], 

or, equivalently, Gl(Z) > 1. 
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From the relation 

d (r  + z) ~-1 
d-7((Gl(z))~ = (3z ~ + l z - 1 1 ~ + 1 ) 2  { 3z~+1 + 4 r l z - 1 1 ~ + l -  

- ( r  + 1)(r  + 4)zl z - 11 rsign (z - 1) + o(zrq-1)} Z i +  (DO) 

we obtain  
zlirn z2Gi(z )_  r 2 + r + l  

r 

Since G~l(Z) < 0 for z sufficiently large, S '  is decreasing in a ne ighbourhood of 

x = l .  

Finally, pu t t ing  p = r(r + 1) we obtain 

S ( x )  - x 1 - S ' ( x )  
(p + 1) lim (~--  x ~ u  - lim 

X--~I X--~I (1 - x)P 
1 - c(y) 

= lim 
u-~oo (1  - ~ ( y ) ) P  

( y-~/~ )~ a'(y) 
= lim �9 lim 

y - ~  \ 1 - ~0(y) y-+~ (r + 1)y -~-2  

= l i m  z 2 �9 a i ( z )  

p + l  

In part icular,  S has a C2-extension to [1, 1], and hence condit ion (4) also holds. 

This concludes the proof  of the asserted propert ies  of S. 

Now there  exists a sequence {a,~} of positive numbers  such tha t  for all 

Riemann-integrable  functions u on [0, 1] 

n - - 1  

1 EP~u__ ~ ( f u d A )  hs 
an k=O 

uniformly on compact  subsets of (0, 1), where Ps is the Per ron-Frobenius  oper- 

a tor  for S and hs is a version of the invariant density of S of the form 

g(x) with g continuous and positive on [0, 1]. h s (x )  - xP(1 - x)P 

According to the previous examples,  

2 - ~  " log-n' r = 2 
a n 

1 sin i ra  nc~ Vr5--1 
~c" ~--~a " , r >  2 ' 
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where a = l i p  and c = g(O)al-a/p% 

Carry ing  over these results to the m a p  T we obta in  for the  Per ron-Froben ius  

opera to r  PT of T: 
n - - i  

1 E ' ~ v - ' - ~  (/ vdA) hT 
an k=O 

uniformly on compact subsets of IR for all functions v on IR which are Riemann- 

integrable on each compact interval and satisfy 

. (x l :oOxj  ) . 

Here hT = (hs o r162 ~ .  In t e rms  of the t rans format ion  T the constant  c is given 

by c = ho(oO)/(r + 1) ~, where ho(oO) = lim~__,~ ho(x). 

For the  special case r = 1 compare  wi th  results in [1]. 
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